A new class of modified theories of gravity, consisting of the superposition of the metric EinsteinHilbert Lagrangian with an f (R) term constructedà la Palatini was proposed recently. The dynamically equivalent scalar-tensor representation of the model was also formulated, and it was shown that even if the scalar field is very light, the theory passes the Solar System observational constraints. Therefore the model predicts the existence of a long-range scalar field, modifying the cosmological and galactic dynamics. An explicit model that passes the local tests and leads to cosmic acceleration was also obtained. In the present work, it is shown that the theory can be also formulated in terms of the quantity X ≡ κ 2 T + R, where T and R are the traces of the stress-energy and Ricci tensors, respectively. The variable X represents the deviation with respect to the field equation trace of general relativity. The cosmological applications of this hybrid metric-Palatini gravitational theory are also explored, and cosmological solutions coming from the scalar-tensor representation of f (X)-gravity are presented. Criteria to obtain cosmic acceleration are discussed and the field equations are analyzed as a dynamical system. Several classes of dynamical cosmological solutions, depending on the functional form of the effective scalar field potential, describing both accelerating and decelerating Universes are explicitly obtained. Furthermore, the cosmological perturbation equations are derived and applied to uncover the nature of the propagating scalar degree of freedom and the signatures these models predict in the large-scale structure.
and test the models emerging from the new class of f (X) gravity theories. Conclusions are drawn in Sec. VI.
II. f (X)-GRAVITY

A. The field equations in D-dimensions
Let us start by considering the action for hybrid metric-Palatini gravity in D-dimensions given by
where, in addition to the Einstein-Hilbert term and the matter Lagrangian which we assume to have the standard form, there is an extra term depending on both the metric and an independent connectionΓ through R ≡ g µν R µν ≡ g µν Γ α µν,α −Γ 
The definition of the metric Ricci scalar R is, as usual, the above formula unhatted. By solving the equation of motion for the connection, one finds that it is compatible with the metric F (R) 2 D−2 g µν that is conformally related to g µν , when the conformal factor is given by
This implies that the Palatini Ricci tensor is
Varying the action (1) with respect to the metric, we obtain
where the matter stress energy tensor is defined as usual,
We can solve R from the trace of this field equation which yields
Assuming that the form of the function f (R) allows solution for the above equation, we can express R algebraically in terms of X. The variable X thus measures the failure of the theory to satisfy the general relativistic trace equation which, for D = 4, gives R = −κ 2 T . We can then express the field equation (5) in terms of the metric and X as
Note that (∂X) 2 = X ,µ X ,µ . Due to the second order derivatives acting upon X, the theory is fourth order in derivatives of the metric. Note that here F (X) is the short-hand for F (R(X)), and F ′ (X) denotes F ′ (X) = ∂F (R(X))/∂X, and so on. The trace of the field equations yields
Note that the Ricci scalar R, computed from the metric, is related to the Palatini R via
which is seen by contracting the gravitational field equation, given by Eq. (4) . Thus Eq. (9) and Eq. (10) are redundant with Eq. (7) . Let us now specify the theory in 4-dimensions, which will be explored throughout this work.
B. The gravitational field equations in 4-dimensions
The above D-dimensional action can be specified as
where S m is the matter action, κ 2 ≡ 8πG, R is the Einstein-Hilbert term, R ≡ g µν R µν is the Palatini curvature, and R µν is defined in terms of an independent connectionΓ α µν as
Varying the action given by Eq. (11) with respect to the metric, one obtains the following gravitational field equation
The matter stress-energy tensor, as before, is defined by Eq. (6) . Note that the independent connection is compatible with the metric F (R)g µν , conformal to g µν , with the conformal 2 factor given by F (R) ≡ df (R)/dR. This implies that
The Palatini curvature, R, can be obtained from the trace of the field equation (13), which yields
As above, we can express R algebraically in terms of X if the form of f (R) allows analytic solutions. Again, the variable X measures how much the theory deviates from the general relativity trace equation R = −κ 2 T . The field equation (13) can be recast as
The trace of the field equations is now
while the relation between the metric scalar curvature R and the Palatini scalar curvature R is
which can be obtained by contracting Eq. (14) . Now we have all the ingredients to derive cosmological equations from this theory.
C. Scalar-tensor representation of f (X)-gravity Like in the pure metric and Palatini cases [21] , the action (11) for f (X) theories can be turned into that of a scalar-tensor theory by introducing an auxiliary field A such that
where f A ≡ df /dA. Rearranging the terms and defining
It is important to stress that in this case we are also considering a hybrid metric-Palatini theory. Variation of this action with respect to the metric, the scalar φ and the connection leads to the field equations
respectively. The solution of Eq. (23) implies that the independent connection is the Levi-Civita connection of a metric h µν = φg µν . This means that we are dealing with a bi-metric theory and R µν and R µν are related by
which can be used in the action (20) to get rid of the independent connection and obtain the following scalar-tensor representation that belongs to the "family of scalar-tensor theories" [22] , so that we finally arrive at the following action
It is important to point out that, by the substitution φ → −(κφ) 2 /6, the action (25) reduces to the well-known case of a conformally coupled scalar field with a self-interaction potential. Precisely, this redefinition makes the kinetic term in the action (25) the standard one, and the action itself becomes that of a massive scalar-field conformally coupled to the Einstein gravity. Of course, it is not the Brans-Dicke gravity where the scalar field is massless.
As we will see, this simple modification will have important physical consequences. Thus, we have made contact with the general class of scalar-tensor theories including nonlinear couplings and potentials. Such theories have been previously considered in cosmology, in particular a reconstruction method to deduce the coupling and the potential form observations of large scale structure and expansion history was outlined already in [23] . More recent studies have delved into such issues as screening phenomena and nonlinear structure formation, see e.g. [24] . Here we are motivated to study the particular class of such actions: remarkably, we have arrived at this class of theories, that was already single out by the consideration of an algebraic property [22] , here from a quite different physical starting point writing down the maybe simplest action incorporating both the metric and an independent connection. Using Eq. (24) and Eq. (22) in Eq. (21), the metric field equation can be written as
from which it follows that the spacetime curvature is generated by both the matter and the scalar field. The scalar field equation can be manipulated in two different ways that illustrate how this theory is related with the w = 0 and w = −3/2 cases, which corresponds to the metric and Palatini scalar-tensor representations of f (R)-gravity [7] , respectively. Tracing Eq. (21) with g µν , we find −R − φR + 2V = κ 2 T , and using Eq. (22), takes the following form
Similarly as in the Palatini (w = −3/2) case, this equation tells us that the field φ can be expressed as an algebraic function of the scalar X ≡ κ 2 T + R, i.e., φ = φ(X). In the pure Palatini case, however, φ is just a function of T .
The right-hand side of Eq. (26), therefore, besides containing new matter terms associated with the trace T and its derivatives, also contains the curvature R and its derivatives. Thus, this theory can be seen as a higher-derivative theory in both matter and metric fields. However, such an interpretation can be avoided if R is replaced in Eq. (27) with the relation R = R +
One then finds that the scalar field is governed by the second-order evolution equation
which is an effective Klein-Gordon equation. This last expression shows that, unlike in the Palatini (w = −3/2) case, the scalar field is dynamical. The theory is therefore not affected by the microscopic instabilities that arise in Palatini models with infrared corrections [15, 20] . With these considerations in mind, we shall consider f (X)-cosmology in the scalar-tensor representation below.
III. f (X)-COSMOLOGICAL FIELD EQUATIONS
A. f (X) gravity and the late-time cosmic acceleration
As a specific example of f (X) cosmological dynamics, let us consider the spatially flat Friedman-Robertson-Walker (FRW) metric given by the metric element
where a(t) is the scale factor. The Ricci scalar is given by R = 6(2H 2 +Ḣ), where H =ȧ(t)/a(t) is the Hubble parameter, and the overdot denotes a derivative with respect to the cosmic time. As usual, the standard matter conservation law for the energy density ρ m and pressure p m is given byρ m + 3H(ρ m + p m ) = 0.
Thus, the modified Friedmann equations take the following form:
where ρ eff and p eff are the total effective energy density and pressure, respectively, and are given by
respectively. For an effective equation of state defined by the parameter w eff = p eff /ρ eff , we obtain w eff = −1 − 2Ḣ/3H 2 . The late-time cosmic acceleration occurs when the strong energy condition (SEC) is violated, i.e., ρ eff + 3p eff < 0 or w eff < −1/3. For simplicity, considering the specific case of vacuum ρ m = p m = 0, the SEC is given by
As a toy model, let us consider the power law models f (R) = αR n , where α and n constant parameters. Using Eq. (15), we obtain
As in the pure f (R) or "Palatini" gravity, the case n = 2 is degenerate, and in the following we assume n = 2. The general condition for the acceleration of the Universe can be formulated as
To look for power-law solutions for the scale factor, a ∼ t β , we plug such an ansatz into the Eqs. (32)-(33). For generic n, we find that the consistent solutions are described by the effective equation of state parameter, w eff = p eff /ρ eff , given by
where, for notational simplicity, f (n, α, β, t) is defined as
The first equality in Eq. (36) follows from inserting the ansatz in the field equations, the second one directly from the ansatz. One may now take specific values for the parameters α and n to solve away β and obtain w eff < −1/3 to predict an accelerated behavior of the Hubble fluid. As a specific example, for the case of n = −1, so that the effective equation of state parameter, w eff simplifies to
One of the solutions is the de Sitter expansion,
thus we expect that in the f ∼ 1/R model the universe ends up in an accelerating phase.
B. General dynamical system analysis
To explore the general dynamical analysis, consider the f (X)-gravity action given by
which is equivalent to the scalar tensor theory of the so called algebraic class 3 . Note that we include the parameter Ω A here for generality, and then the result in the previous section becomes
where
The Friedmann equations can always be written in terms of the effective energy density and pressure, respectively defined as
For simplicity, we consider the flat universe K = 0 in the following. For the theory provided by the action (40) we obtain the following modified Friedmann equations
(
respectively. The conservation equations for the matter component and the scalar field arė
Recalling that R = 6(2H 2 +Ḣ) and using Eqs. (43) and (44), we can rewrite the Klein-Gordon equation as
where for notational simplicity, U ′ (φ) is defined by
As a consistency check one can verify that the Klein-Gordon equation together with the matter conservation allows to derive (44) from (43). By combining Eqs. (48) and (49), we find that
The solution for φ = φ(X = 0) gives us the natural initial condition for the field in the early universe. The asymptotic value of the field in the far future may then be deduced by studying the minima of the function U (φ) defined by Eq.
. In order to study the dynamical system, we introduce the dimensionless variables
where N = log a is the e-folding time. The Friedmann equation (43) can then be rewritten as
Due to this constraint, the number of independent degrees of freedom is three instead of four. We choose to span our phase space by the triplet {x, y, z}. The autonomous system of equations for them reads as
respectively. We have defined u(x) ≡ V ′ (φ)/V (φ). The relevant fixed points appear in this system. In particular, we have the matter dominated fixed point where x = y = z = 0 and w eff = w m , and the de Sitter fixed point 4 that is described by w eff = −1 and
We denote the asymptotic values corresponding to this fixed point by a subscript star. In particular, the asymptotic value of the field x * is solved from the first equation in (57) once the form of the potential is given. As expected, this value corresponds to minimum of the effective potential (50), U ′ (x * ) = 0. To construct a viable model, the potential should be such that we meet the two requirements:
• The matter dominated fixed point should be a saddle point, the de Sitter fixed point an attractor. Then we naturally obtain a transition to acceleration following standard cosmological evolution.
• At the present epoch the field value should be sufficiently close to zero. Then we avoid conflict with the Solar system tests of gravity.
Note that the simplest metric f (R) theories that provide acceleration utterly fail in both predicting a viable structure formation era and the Solar system as we observe it. The Palatini-f (R) models on the other hand can be ruled out as dark energy alternative by considering their structure formation or implications to microphysics, if such a theory is regarded consistent in the first place. As shown here and explored further below, f (X) gravity models exist that are free of these problems.
To summarize: the field goes from φ i to φ * , where the former is given by 2V (φ i ) = V ′ (φ i )φ i and the latter by 2V (φ * ) = (Ω A + φ * )V ′ (φ * ). We just need a suitable function V (φ), i.e. f (R) in such a way that the slope will be downwards and φ * near the origin.
IV. COSMOLOGY OF f (X)-GRAVITY: ANALYTICAL SOLUTIONS
As we have seen, the above theory of f (X)-gravity can be recast in terms of a non-minimally coupled scalar-tensor gravity. The scalar field represents the "deviation" of the theory from the standard general relativity where standard matter is also considered. In particular, the auxiliary variable X states "how much" the trace equation of the theory deviates from the general relativistic one. An important point to stress is that such a scalar field has a purely geometric origin and describes further degrees of freedom of the gravitational field coming from extended theories of gravity.
It is straightforward to rewrite the cosmological equations in the absence of standard matter as
It is important to stress that there is no standard matter in the definition of pressure and energy density, however, due to the definition of the scalar field φ and its dependence on X curvature behaves as a perfect fluid. The scalar field satisfies the Klein-Gordon equation,
Note that as an indicator of the accelerated expansion one can consider the behavior of the deceleration parameter, given by
where accelerated expansion occurs when q < 0. From Eqs. (60) and (61), we obtain
By eliminatingφ with the help of the Klein-Gordon Eq. (62), we get
Therefore the cosmological equations become
The explicit dependence on the scalar field for q is
Clearly, the dynamics of cosmological models can be classified according to Eq. (68) . Reversing the argument, conditions on Eq. (68) assign, in principle, the functional form of f (X).
A. Marginally accelerating models
A particular class of models, which may be called "marginally accelerating", are those satisfying the condition q = 0, which gives the equatioṅ
and thenφ
The simplest marginally accelerating model can be obtained by assuming that the potential satisfies the condition
which yields the following solution
with V 0 an arbitrary constant of integration. We also obtain immediately
The Friedmann equation (65) becomes 3 16φ
from which one obtains the solutions
and
This expression can be simplified asḢ
which provides the form of the scale factor a(t). Furthermore, for simplicity, we impose on the potential the condition
that gives the solution
With these considerations, Eq. (83) reduces to
By denoting dφ/dx = u, we obtain d 2 φ/dx 2 = du/dx = (du/dφ) (dφ/dx) = udu/dφ, so that Eq. (88) becomes
or equivalently
Restoring the previous variables, one arrives at
On the other hand, Eq. (85) can be written as
and then immediately integrated
to provide the solution
In this way we have obtained a power-law accelerating expansion depending on the value of q 0 .
C. The general case
Abel equation
In the general case, Eq. (83) can be written as
where we have denoted U (φ) = V ′ /V , and f (φ) = 2φ [2 − (1 + φ) U (φ)]. Eq. (97) can be written as
Introducing as above the variable u, we obtain
and by dividing with u 3 , we find
By denoting u = 1/v we obtain an Abel equation of the form
Our task is now to integrate such an equation.
A simple accelerating solution
The simplest case corresponds to f = 0, V (φ) = V 0 (1 + φ) 2 , and φ ≪ 1. Then the Abel equation takes the form
with the general solution
For small values of φ, the solution can be approximated as
Since φ ≪ 1, one can approximate the potential as V ≈ V 0 = constant. Then the condition for accelerating expansion takes the form
which is obviously satisfied since φ ,x > 0 if C > 0.
D. Parameterizing by q
In view of a cosmographic analysis of the models, it is convenient to parameterize the cosmological equations by the deceleration parameter q. As discussed in [25] , cosmography is an extremely useful tool to discriminate among concurring cosmological models and, such a feature, is strictly related to suitable parameterizations. In our case, the approach is very straightforward, starting from Eqs. (63) and (68).
Thus, the field equations given by Eqs. (66) and (67), in terms of the deceleration parameter, can be recast in the following extremely simple form
where the deceleration parameter is defined according to the sign convention of Eq. (84). Therefore, the cosmological field equations can be expressed in terms of the scalar field, the scalar field potential, and the deceleration parameter. However, the Klein-Gordon equation, given by Eq. (62), also needs to be taken into account. Let us work out some simple examples adopting this parameterization.
Exponential expansion
In the case of the exponential expansion q = −1, H = H 0 = constant,Ḣ = 0, and a(t) = a 0 exp [H 0 (t − t 0 )], respectively. For this case, Eq. (107) is automatically satisfied, while Eq. (106) becomes
which provides the following solution
where V 0 is an arbitrary constant of integration. The general solution for the scalar field is obtained from the Klein-Gordon equation, which is given by
The physical solution corresponds to the choice of the positive sign, in order to avoid any singular behavior of the scalar field.
Power law accelerated expansion
As above, in the case of power law accelerated expansion, we have the constant q = q 0 and
The field equations, given by Eqs. (106) and (107), provide the following expression
Hence, the field equations reduce to a single condition for the potential, given by
Reversing the argument, any form of scalar field potential (and then the f (X)-function) compatible with power law expansion a(t) = a 0 t 1−q0 can be achieved in this way.
V. COSMOLOGICAL PERTURBATIONS A. Field equations and conservation laws
To understand the implications of these models in the context of structure formation, we will derive the perturbation equations and analyze them in some specific cases of interest. This paves the way for a detailed comparison of the predictions with the cosmological data on large scale structure and the cosmic microwave background. For generality, we will keep the parameter Ω A in the formulas in this section.
We work in the Newtonian gauge [26] , which can be parameterized by the two gravitational potentials Φ and Ψ,
The 0 − 0 part of the field equations is
where we have denoted ϕ = δφ. The Raychaudhuri equation for the perturbations reads
The 0 − i equation is
Note that the set of perturbed field equations is completed by the off-diagonal spatial piece:
Assuming a perfect fluid, the continuity and Euler equations for the matter component arė
respectively. The linear part of the Klein-Gordon equation is then compatible with the above system. For completeness, it isφ
This completes the presentation of the field equations and the conservation laws.
B. Matter dominated cosmology
Let us consider formation of structure in the matter-dominated universe, where w m = c 2 s = 0. In this subsection, we shall consider scales deep inside the Hubble radius. This approximation is well known in the literature and indeed we will arrive at a similar result as in e.g. [23] . Note that then the spatial gradients are more important than the time derivatives and, consequently, the matter density perturbations are much stronger than the gravitational potentials. Combining the continuity and the Euler equation at this limit, one obtains
We need then to solve the gravitational potential. Let us define Π = a 2 ρ m δ m /k 2 and write the field equations and the Klein-Gordon equation at this limit in a very simple way as
We immediately see that one of the equations is (as expected) redundant, and that the potential Ψ is (as usual) proportional to Π, where now the proportionality is given as a function of the field φ. Our result is
with
This shows that there are no instabilities in the evolution of the matter inhomogeneities, in contrast to the Palatinif (R) models and some matter-coupled scalar field models (recall our theory can be mapped into such in the Einstein frame).
C. Vacuum fluctuations
The propagation of our scalar degree of freedom in vacuum is also a crucial consistency check on the theory. Let us set ρ m = 0. Let us consider the curvature perturbation in the uniform-field gauge ζ. In terms of the Newtonian gauge perturbations this is
After considerably more tedious algebra than in the previous case, we obtain the exact (linear) evolution equation
The friction term depends on the perturbation variable we consider, but the sound speed term retains its form. Thus perturbations at small scales propagate with the speed of light, as in canonic scalar field theory. This excludes also instabilities in the scalar field perturbations. Now equation (129) can be used to study generation of fluctuations in f (X)-inflation. Construction of specific models and their observational tests are left for forthcoming studies.
VI. CONCLUSIONS
In this paper, we have discussed cosmological applications of hybrid metric-Palatini f (X)-gravity. This theory differs from Palatini f (R)-gravity for two main aspects: i) both metric and Palatini approach are considered including R and f (R) in the gravitational action; ii) deviations from standard general relativity are considered including the field X = κ 2 T + R where X is exactly zero in the Einstein case. This approach is particularly relevant in view of the so-called chameleon mechanism useful to parameterize the astrophysical scales according to the cosmic densities: At short scales (Solar System scales) X → 0, while it increases at larger scales since dark matter and dark energy effects have to be included. Another option is to consider the field dynamically evolving to X → 0 today, which renders cosmological dynamics compatible without resorting to the chameleon mechanism. Considering f (X)-gravity means not distinguishing a priori matter and geometric sources, but taking into account both of them into the dynamics under the same standard. Furthermore, shortcomings connected to the conformal transformations are avoided. For example, the singular cases w = 0 for metric f (R)-gravity and w = −3/2 for Palatini f (R)-gravity in the scalar-tensor representation of these theories are avoided, f (X) gravity being naturally metric-affine. This means that our hybrid model can be fully recast into a scalar-tensor theory of gravity, where the kinetic and potential terms are well defined. Furthermore, it is straightforward to recover general relativity, which is fully restored as soon as φ → 0 (see Eq. (25)).
Here, we have also discussed the FRW cosmology coming out from f (X)-gravity. Accelerating expansion, and, in general, any cosmological behavior, strictly depends on the effective scalar field potential, which assigns the form of f (X). In particular, we have examined toy models where the deceleration parameter evolves according to such a potential. This approach is particularly useful in view of a cosmographic analysis to discriminate realistic models by observations (see [27] for f (R)-gravity in metric approach). However, we conclude in noting that this is only a seminal paper. An extensive study of f (X)-cosmology and its comparison with observations, amongst other issues, will be the topic of forthcoming papers.
